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We propose a novel class of degenerate higher-order scalar-tensor theories as an extension of
mimetic gravity. By performing a noninvertible conformal transformation on “seed” scalar-tensor
theories which may be nondegenerate, we can generate a large class of theories with at most three
physical degrees of freedom. We identify a general seed theory for which this is possible. Cosmo-
logical perturbations in these extended mimetic theories are also studied. It is shown that either
of tensor or scalar perturbations is plagued with gradient instabilities, except for a special case
where the scalar perturbations are presumably strongly coupled, or otherwise there appear ghost
instabilities.
I. INTRODUCTION
When one constructs a field theory with higher derivatives, a guiding principle comes from the theorem of Os-
trogradsky [1], which states that any theory described by a nondegenerate higher derivative Lagrangian suffers from
instabilities of the Ostrogradsky ghost. Here, a Lagrangian L with higher-order derivatives is said to be nondegenerate
if its kinetic matrix (i.e., the second derivatives of L with respect to the velocities associated with the higher deriva-
tives) is nondegenerate. Therefore, a theory without the Ostrogradsky ghost, often referred to as a healthy theory,
must have a degenerate Lagrangian.*1 This requirement poses tight constraints on the higher derivative structure of
healthy field theories [2, 3].
Within (single-field) scalar-tensor theories in four dimensions, the Horndeski theory [4] (or its equivalent formulation
known as generalized Galileons [5, 6]) provides a basic ground for studying a wide class of such healthy theories having
three degrees of freedom (DOFs), since it is the most general theory that yields second-order Euler-Lagrange equations.
There are further possibilities of healthy theories beyond the Horndeski class, such as Gleyzes-Langlois-Piazza-Vernizzi
(GLPV) theories [7] and quadratic/cubic degenerate higher-order scalar-tensor (DHOST) theories [8–10]. Those
quadratic/cubic DHOST theories form the broadest class of healthy scalar-tensor theories known so far.*2 However,
these theories are obtained under the assumption that the Lagrangian depends on up to quadratic/cubic order in
∇µ∇νφ (hence the name “quadratic/cubic DHOST”), and thus the very boundary of healthy scalar-tensor theories
remains unknown. To go even further, disformal transformations [18] may play a key role: Some quadratic/cubic
DHOST theories are obtained from the Horndeski theory via disformal transformation [10], which motivates us to
think that the quadratic/cubic DHOST class could further be extended in the same manner. Unfortunately, this is
not the case because the set of cubic scalar-tensor theories is closed under disformal transformations. Therefore, it
seems difficult to generate a new class of healthy theories starting from known healthy theories.
In light of this situation, it is natural to ask whether healthy theories can be generated from nondegenerate theories
that contain extra ghost DOFs. This cannot be achieved by an invertible transformation (i.e., a field redefinition
such that there is one-to-one correspondence between the old and new sets of field variables) since it does not change
the number of physical DOFs [19–21]. However, the possibility is still open for noninvertible transformations. In this
context, an interesting theory is mimetic gravity [22] (see Ref. [23] for a review). This theory is obtained from the
Einstein-Hilbert action of general relativity (GR) by performing the following noninvertible conformal transformation:
g˜µν = −Xgµν , X ≡ gµν∂µφ∂νφ, (1)
where g˜µν and gµν denote respectively the metrics of the original frame (namely, the GR frame) and the new frame.
This theory can mimic the behavior of pressureless dust in GR [22], and thus is one of the candidates for dark matter.
The above formulation of mimetic gravity can be straightforwardly extended by generalizing the “seed” action of
*1 Even if a theory circumvents the problem of Ostrogradsky ghost, there could be some other instabilities. In this sense, the “healthiness”
is a necessary but not sufficient condition for a theory to be fully viable.
*2 We restrict ourselves to theories that possess general covariance. If one relaxes this requirement to only spatial covariance, yet broader
classes of theories can be obtained such as extended Galileons [11, 12]. However, even though general covariance is broken apparently, it
can always be restored by introducing a Stu¨ckelberg field. Then, it turns out that those theories generically yield Ostrogradsky ghosts.
See Refs. [8, 13] for examples of such theories. The apparent healthy nature of extended Galileons is a consequence of the unitary
gauge φ = t chosen for the construction of the theory. This misleading gauge choice could eliminate higher derivatives from a given
action and change the DOFs [8, 13–16], though it is a complete gauge fixing [17].
2the original frame to that of a scalar-tensor theory such as the Horndeski theory [24]. The noninvertibility of the
transformation (1) is manifested by the fact that the right-hand side of Eq. (1) is invariant under the conformal
transformation gµν → Ω2gµν , with Ω being an arbitrary function of spacetime. Although the resultant theory written
in terms of (gµν , φ) has higher-order derivatives of φ, the authors of Ref. [25] performed a Hamiltonian analysis to
show that the theory has only three DOFs due to the local conformal symmetry introduced by the transformation (1).
Remarkably, theories with 3 DOFs could be obtained even if one starts from a large class of nondegenerate higher-order
scalar-tensor theories instead of GR or healthy scalar-tensor theories with 3 DOFs. Indeed, the author of Ref. [26]
performed a Hamiltonian analysis of the mimetic theory resulting from
S =
∫
d4x
√−g
[
1
2
R+ f(φ)
]
, (2)
with R being the 4-dimensional Ricci scalar and f an arbitrary scalar function, and proved that the model has at
most three DOFs.*3 (Note here that it might be more appropriate to use the notation like R˜ etc. to write the seed
action, but in this paper we do not do so in order to avoid too many tildes. Therefore, to generate a mimetic theory
one should replace gµν in the seed action by −Xgµν.) In the fluid description, such higher derivative terms typically
introduces imperfectness [28] and the scalar DOF acquires a nonzero sound speed [29], which may solve some of the
small-scale problems like the missing-satellite problem and the core-cusp problem [30].
In the present paper, we consider generic scalar-tensor theories that could possess an unwanted extra DOF as
a generalization of Eq. (2), and perform the noninvertible transformation (1) on them, as suggested in Ref. [31].
We show explicitly that the extended mimetic gravity models obtained thus have at most three DOFs based on
Hamiltonian analysis. This turns out to be true also for models obtained via noninvertible disformal transformation
that is more general than (1). Due to the diversity of the original theories, many of the mimetic theories lie outside the
quadratic/cubic DHOST class and they cannot be obtained by (invertible) disformal transformation of any known class
of healthy scalar-tensor theories. Nevertheless, such mimetic theories have a problem on cosmological perturbations: It
was demonstrated in Refs. [32, 33] that the mimetic model obtained from the action of the form (2) has ghost/gradient
instabilities in cosmological perturbations. The simplest version of mimetic gravity is closely related to the low-energy
limit of Horˇava-Lifshitz gravity [34, 35], and the same instability was also pointed out in the latter context in Ref. [36].
Concerning this point, the authors of Ref. [37] developed an effective theory of cosmological perturbations in mimetic
theories, and showed that the instability can be cured by introducing nonminimal derivative couplings to gravity. In
this paper, we also study the linear stability of cosmological perturbations in our extended mimetic gravity and show
that the models obtained in the above explained way generically exhibit the very same problem of ghost/gradient
instabilities (except for the special case in which scalar perturbations appear to be strongly coupled).
This paper is organized as follows. In §II, we begin with presenting the general seed action which we use to
generate a variety of mimetic gravity theories, and then perform the Arnowitt-Deser-Misner (ADM) decomposition of
the seed action. Then, in §III we transform the seed action to its mimetic counterpart via the noninvertible conformal
transformation (1), and analyze the resultant theory in the language of the Hamiltonian formalism. Cosmological
perturbations in the extended mimetic gravity models are discussed in §IV. Finally, we draw our conclusions in §V.
II. ADM REPRESENTATION OF THE SEED SCALAR-TENSOR THEORY
A. The seed action
We start from the following general action:
S =
∫
d4x
√−g [f2R+ f3Gµν∇µ∇νφ+ F (gµν , φ,∇µφ,∇µ∇νφ)] , (3)
where Gµν is the 4-dimensional Einstein tensor, f2 and f3 are arbitrary functions of (φ,X), and F denotes any scalar
quantity constructed from the metric, the scalar field, and its derivatives up to second order.
Using the action of the form (3) as a seed, we perform the conformal transformation mentioned in §I:
gµν → g˜µν = −Xgµν, (4)
where g˜µν is identified as the metric in the original frame (3), while gµν is now the metric of the new theory. This
transformation is noninvertible as the right-hand side is invariant under conformal transformation of gµν . As a result,
*3 Strictly speaking, the author of Ref. [26] used an alternative formulation of mimetic gravity proposed in Ref. [27] (see §III B).
3the new theory acquires a local conformal symmetry. See the recent paper by Horndeski [38] for conformally invariant
scalar-tensor theories. We comment on the relation between the Horndeski’s conformally invariant theory and our
extended mimetic gravity in Appendix C. In general, one could consider noninvertible disformal transformations
other than Eq. (4). However, as far as our purpose is concerned, we lose no generality by restricting ourselves to the
transformation (4) since any noninvertible disformal transformation can be recast in this form. This point is addressed
in Appendix A.
In Eq. (3) we consider only particular couplings between the scalar field and the curvature tensors. Clearly, they are
the same as those found in the Horndeski theory [4]. Other types of couplings such as R(φ)2, f(φ,X)R, · · · would
give rise to unwanted extra DOFs in the resultant mimetic theory. This point will become clear in the Hamiltonian
analysis below: If one considers the couplings other than the first two terms in Eq. (3), then one would be forced to
introduce some new velocities, leading to the extra DOFs (see §III B). For the same reason, we do not include third
or higher derivatives of φ in Eq. (3).
The class of theories defined by Eq. (3) includes all the known healthy scalar-tensor theories that possess general
covariance, such as the Horndeski theory [4], GLPV theories [7], and quadratic/cubic DHOST theories [8–10]. Such
healthy theories correspond to specific choices of the functions f2, f3, and F . However, for generic functions, the
seed theory (3) in its original frame would have Ostrogradsky ghosts. Nevertheless, as we will show, the noninvertible
transformation (4) makes the resultant theory degenerate, leaving only 3 DOFs.
B. ADM decomposition
To proceed to a Hamiltonian analysis, we first express the seed action (3) in the ADM form and then perform the
conformal transformation (4) written in terms of the ADM variables. In this subsection we present some technical
detail for recasting Eq. (3) into the ADM form.
The metric in the ADM form is given by
ds2 = gµνdx
µdxν = −N2dt2 + γij(dxi +N idt)(dxj +N jdt). (5)
The spatial metric γij is used to raise and lower spatial indices i, j, · · · . The unit normal vector to a constant-time
hypersurface is denoted as nµ ≡ −Nδ0µ, and the projection tensor as hµν ≡ gµν + nµnν . The extrinsic curvature is
defined by
Kij ≡ 1
2N
(
γ˙ij − 2D(iNj)
)
, (6)
where Di is the covariant derivative with respect to γij .
We also introduce the following variables associated with time derivatives of the scalar field as in Ref. [15]:
A∗ ≡ nµ∇µφ = φ˙−N
iDiφ
N
, (7)
V∗ ≡ nµnν∇µ∇νφ = A˙∗ −D
iφDiN −N iDiA∗
N
. (8)
Below, we will introduce a Lagrange multiplier and regard A∗ as an auxiliary variable which satisfies Eq. (7) dynam-
ically so that second-order time derivatives do not appear explicitly in the action. Then, V∗ plays the role of the
velocity of A∗. Using A∗, the scalar kinetic term X is written as
X = −A2
∗
+DiφDiφ. (9)
It is worth emphasizing here that the unitary gauge φ = t is not imposed from the beginning since it would be
misleading in some cases [8, 15]. Nevertheless, in the case of mimetic gravity, it turns out that the number of physical
DOFs is not changed by the unitary gauge fixing, as we will see in §III B.
With these notations, one can decompose ∇µφ and ∇µ∇νφ as
∇µφ = hiµDiφ− nµA∗, (10)
∇µ∇νφ = hi(µhjν)(DiDjφ−A∗Kij)− 2hi(µnν)(DiA∗ −KijDjφ) + nµnνV∗. (11)
These decompositions allow us to recast the third term of the action (3) in the form∫
d4x
√−gF (gµν , φ,∇µφ,∇µ∇νφ) =
∫
dtd3x
[
N
√
γLF (γij , φ, A∗;Kij , V∗;Di) + Λ(NA∗ +N
iDiφ− φ˙)
]
, (12)
4where the concrete form of LF depends on that of F , and the last term with a Lagrange multiplier Λ fixes A∗ so that
it satisfies Eq. (7).
The first two terms in Eq. (3) involving the curvature tensors can be written in the ADM form by using the
Gauss/Codazzi/Ricci equations. To simplify the manipulation, we first perform integration by parts to move one of
the derivative operators acting on φ to f3. Then, the result is given as follows:∫
d4x
√−g (f2R+ f3Gµν∇µ∇νφ) =
∫
d4x
√−g (f2R− Gµν∇µφ∇νf3)
=
∫
dtd3xN
√
γ
{
f2
(
R+K2ij −K2
)− 2Kf2⊥ − 2DiDif2 − 1
2
(
R−K2ij +K2
)
A∗f3⊥
−
[
Rij − 1
2
(
R+K2kl −K2
)
γij
]
DiφDjf3 +DiDj
(
DiφDjf3
)−DiDi (DjφDjf3)
+
(
Kγij −Kij) (2Kki DkφDjf3 + f3⊥DiDjφ+A∗DiDjf3)+ Λ(NA∗ +N iDiφ− φ˙)
}
, (13)
where Rij and R denote the 3-dimensional Ricci tensor and Ricci scalar, respectively. Here, for a scalar func-
tion f(φ,X) we have defined
f⊥(γij , φ, A∗;Kij , V∗;Di) ≡ nµ∇µf = fφA∗ − 2fX
(
KijD
iφDjφ+A∗V∗ −DiφDiA∗
)
. (14)
Putting Eqs. (12) and (13) together, one finds that the total action (3) can be written in the form
S =
∫
dtd3x
[
N
√
γL0(γij , Rij , φ, A∗;Kij, V∗;Di) + Λ(NA∗ +N
iDiφ− φ˙)
]
, (15)
where the dependence of L0 on N,N
i is encapsulated in Kij and V∗. Note that in the actual expression of L0 the
spatial derivative Di does not act on Kij or V∗.
III. EXTENDED MIMETIC GRAVITY
A. Hamiltonian analysis
In the previous section, we have written the seed action (3) in terms of the ADM variables to obtain Eq. (15). Now
we move from the original frame (15) to another by performing the noninvertible conformal transformation (4), and
thereby generate new mimetic gravity actions.
Under the transformation (4), the 3-dimensional quantities are transformed as follows:
N˜ =
√−XN, N˜ i = N i, γ˜ij = −Xγij, A˜∗ = 1√−XA∗, (16)
R˜ij = Rij +
3
4X2
DiXDjX − 1
2X
DiDjX + γij
(
1
4X2
DkXD
kX − 1
2X
DkD
kX
)
, (17)
K˜ij =
√−X
[
Kij − 1
X
γij
(
KklD
kφDlφ+A∗V∗ −DkφDkA∗
)]
, (18)
V˜∗ = − 1
X2
(
A∗KijD
iφDjφ+ V∗D
iφDiφ−DiφDjφDiDjφ
)
, (19)
where original-frame variables are now denoted with tildes. Note that the original-frame scalar kinetic term X˜ is
mapped to a constant:
X˜ = g˜µν∇˜µφ∇˜νφ = − 1
X
gµν∂µφ∂νφ = −1, (20)
which immediately leads to ∇˜λX˜ = 2g˜µν∇˜µφ∇˜ν∇˜λφ = 0. This means that any scalar quantity that contains a
contraction of ∇˜µφ and ∇˜µ∇˜νφ vanishes in the new frame.
It should be noted that in Eqs. (18) and (19) the velocity dependence appears only through the particular combi-
nation
Vij ≡ Kij + V∗
A∗
γij , (21)
5which is a consequence of the conformal symmetry introduced by performing the noninvertible conformal transforma-
tion (4). In terms of this Vij , Eqs. (18) and (19) can be written as
K˜ij =
√−X
[(
δki δ
l
j −
DkφDlφ
X
γij
)
Vkl +
DkφDkA∗
X
γij
]
, (22)
V˜∗ = − 1
X2
DiφDjφ (A∗Vij −DiDjφ) . (23)
As a side remark, the following identity holds,
V˜ij =
√−XVij −
(
Dkφ
A∗
Dk
√−X
)
γij , (24)
which will be used later. Substituting Eqs. (16), (17), (22), and (23) to the seed action (15), we finally arrive at the
action in the new frame:
S =
∫
dtd3x
[
N
√
γLM(γij , Rij , φ, A∗;Vij ;Di) + Λ(NA∗ +N
iDiφ− φ˙)
]
. (25)
When one is to switch to the Hamiltonian formalism, the nonlinear dependence on the velocity Vij makes it difficult
to express the action solely in terms of canonical coordinates and momenta. To circumvent this technical issue, we
introduce auxiliary variables Bij with Lagrange multipliers λ
ij and rewrite the action as
S = SM[N, γij , φ, A∗, Bij ] +
∫
dtd3x
[
Λ(NA∗ +N
iDiφ− φ˙) +Nλij(Bij − Vij)
]
, (26)
SM[N, γij , φ, A∗, Bij ] ≡
∫
dtd3xN
√
γLM(γij , Rij , φ, A∗;Bij ;Di). (27)
Here, the lapse function N in front of λij was introduced so that the resultant Hamiltonian is linear in N and N i. In
the following, we perform a Hamiltonian analysis of the theory (26). We define the canonical pairs as follows:(
N, N i, γij , φ, A∗, Bij , Λ, λ
ij
πN , πi, π
ij , pφ, p∗, p
ij , P, Pij
)
. (28)
These variables form a 50-dimensional phase space.
The canonical momenta are calculated from the action (26) in the standard manner. Since the action does not
contain the velocities of N,N i, Bij ,Λ, and λ
ij , the corresponding canonical momenta vanish:
πN = πi = p
ij = P = Pij = 0, (29)
which provides primary constraints. The canonical momenta for γij , φ, and A∗ are given by
πij =
δS
δγ˙ij
= −1
2
λij , (30)
pφ =
δS
δφ˙
= −Λ, (31)
p∗ =
δS
δA˙∗
= − 1
A∗
γijλ
ij . (32)
These expressions for the canonical momenta yield further primary constraints as
π¯ij ≡ πij + 1
2
λij ≈ 0, (33)
p¯φ ≡ pφ + Λ ≈ 0, (34)
C ≡ A∗p∗ − 2γijπij ≈ 0. (35)
It should be noted that C is the generator of conformal transformation. This relation between πij and p∗ comes from
Eq. (21) with the identity
A∗
∂Vij
∂A˙∗
= 2γkl
∂Vij
∂γ˙kl
. (36)
6To see the first-class nature of C, we construct a linear combination with Pij so that the resultant constraint weakly
Poisson commutes with all the other primary constraints:
C¯ ≡ C + 2λijPij = A∗p∗ − 2γijπij + 2λijPij . (37)
Note that the discussion so far does not depend on whether the original seed theory (15) is degenerate or not. It
might be possible that the resultant mimetic theory (26) possesses additional primary constraints which have not
been specified above, but it has nothing to do with the (non)degeneracy of the original theory.
Now the total Hamiltonian is obtained as
HT =
∫
d3x
(
NH+N iHi + µNπN + µiπi + µij π¯ij + uφp¯φ + u∗C¯ + uijpij + UP + U ijPij
)
, (38)
where
H ≡ −√γLM(γij , Rij , φ, A∗;Bij ;Di) + 2πijBij + pφA∗ −√γDi
(
p∗√
γ
Diφ
)
, (39)
Hi ≡ −2√γDj
(
πij√
γ
)
+ pφDiφ+ p∗DiA∗ + p
jkDiBjk − 2√γDj
(
pjk√
γ
Bik
)
. (40)
Note that the last two terms in Hi are proportional to pij , which vanishes on the constraint surface. Nevertheless, we
keep these terms because they generate an infinitesimal spatial diffeomorphism of Bij .
Let us calculate the time evolution of the primary constraints. It is easy to see that the time evolution of π¯ij , p¯φ,
P , and Pij fixes the Lagrange multipliers U
ij , U , uφ, and µij , respectively. The time evolution of πN , πi, p
ij leads to
π˙N = {πN , HT }P ≈ −H, (41)
π˙i = {πi, HT }P ≈ −Hi, (42)
p˙ij =
{
pij , HT
}
P
≈ N
(√
γ
∂LM
∂Bij
− 2πij
)
, (43)
where we have used the fact that the derivatives of Bij do not appear in LM. Therefore, we find secondary constraints
as
H ≈ 0, Hi ≈ 0, ϕij ≡ √γ ∂LM
∂Bij
− 2πij ≈ 0. (44)
Note that the time evolution of C¯ does not yield a new constraint because its Poisson bracket with the total Hamiltonian
is written only by the constraints:
˙¯C = {C¯, HT}P = −NH+NBijϕij + ∂i
[
N
Diφ
A∗
(
γjkϕ
jk − C)+N iC]− 2µij π¯ij + 2U ijPij ≈ 0, (45)
where we have used the Noether identity with respect to the conformal symmetry (B7).
Having obtained all the secondary constraints, let us consider their time evolution. Assuming that LM depends
at least quadratically on Bij , the time evolution of ϕ
ij fixes the Lagrange multiplier uij . To discuss the evolution
of H and Hi, we first note that H ≈ 0 and Hi ≈ 0 are expected to correspond to the Hamiltonian and momentum
constraints, respectively. Let us define smeared quantities as
HL[N ] ≡
∫
d3xNH, HS[N i] ≡
∫
d3xN iHi, (46)
where N and N i are arbitrary test functions (and not the lapse function and the shift vector). Then, with some
manipulation their Poisson brackets are found to be the usual ones,{
HS[N i], HS[Mi]
}
P
= HS[N jDjMi −MjDjN i], (47){
HS[N i], HL[M]
}
P
= HL[N iDiM], (48)
where we have used the Noether identity associated with 3-dimensional diffeomorphism (B4).*4 The explicit calculation
of {HL[N ], HL[M]}P is lengthy and tedious, and therefore we skip it. Nevertheless, it is reasonable to conclude that
*4 When we apply the Noether identity (B4), we may replace the lapse function N with a scalar test function M in HL[M].
7H ≈ 0 and Hi ≈ 0 are the first-class constraints corresponding to general covariance and their time evolution does
not yield any new constraints. See Ref. [15] for the related discussion on this point.
To sum up, we have obtained the set of constraints as follows:
9 first-class : πN , πi, C¯,H,Hi,
26 second-class : π¯ij , p¯φ, p
ij , P, Pij , ϕ
ij .
(49)
These constraints reduce the phase-space dimension and
1
2
(50− 9× 2− 26) = 3 DOFs (50)
are left, which means that there is no unwanted extra DOF. Note that this is the maximum possible number of
physical DOFs that the theory (26) has. Even if the evolution of ϕij yields some additional constraint as opposed
to the above argument, it never increases the number of DOFs. Note also that the original theory (3) could have a
different number of physical DOFs. The above result holds irrespective of whether we start from GR with two DOFs
(as in original mimetic gravity [22]) or generic nondegenerate higher-order scalar-tensor theories with four DOFs.
B. Some remarks
Several remarks are in order. First, we restricted ourselves to the case where the curvature tensors appear only in
the form of f2(φ,X)R and f3(φ,X)Gµν∇µ∇νφ, since otherwise additional velocities must be introduced. For example,
in the case of mimetic f(R) gravity [39], one has to introduce a new velocity VK ≡ nµ∇µK in addition to Kij and
V∗. This results in an undesired extra DOF, which cannot be killed by the constraint corresponding to the conformal
symmetry [37]. The situation is similar if we include higher-order derivatives of φ in the action.
Second, let us comment on the relation between our extended mimetic gravity models and quadratic/cubic DHOST
theories. For a generic choice of the function F in the seed action (3), the resultant mimetic action has terms of
quartic or higher order in ∇µ∇νφ, which cannot be reached from the quadratic/cubic DHOST class via any disformal
transformation. However, as shown in Appendix D, if F is of at most cubic order in ∇µ∇νφ, the corresponding
mimetic model falls into the quadratic/cubic DHOST class.
The third comment is on an alternative formulation of mimetic gravity. It was pointed out in Ref. [27] that imposing
the constraint X = −1 (the mimetic constraint), as implied by Eq. (20), leads to a theory which is equivalent to the
one obtained via the noninvertible transformation (4) (see also Refs. [40, 41]). Note that Eq. (4) reads g˜µν = gµν
when one sets X = −1, which means that imposing the constraint X = −1 after performing the transformation (4)
generates the same theory as the one obtained by imposing X˜ = −1 from the beginning in the original frame. In
the Lagrangian formalism, the equivalence between the two formulations can directly be verified by comparing the
equations of motion (EOMs). In contrast, in the language of the Hamiltonian analysis in §III A, one could regard the
mimetic constraint as a gauge condition that completely fixes the conformal gauge DOF. Thus, we could safely impose
the constraint X = −1 from the beginning, which would significantly simplify the analysis. For related arguments on
eliminating ghost DOFs by constraints, see Ref. [42].
Finally, we discuss the issue of the unitary gauge. In the previous section, we did not fix the coordinate system
and performed the Hamiltonian analysis maintaining general covariance. However, in many cases it is convenient to
impose the unitary gauge φ = t. Note that this gauge choice is compatible with the mimetic constraint, which ensures
that ∇µφ is timelike. Let us see that the number of DOFs of mimetic gravity does not change due to the unitary
gauge fixing. Under the unitary gauge with the mimetic constraint, one has N = 1, A∗ = 1, and V∗ = 0. The action
of mimetic gravity (25) then reduces to
Sunitary =
∫
dtd3x
√
γL(γij , Rij , t;Kij ;Di). (51)
The canonical variables are (N i, γij ;πi, π
ij), which form an 18-dimensional phase space. If the Lagrangian L is
nondegenerate, i.e., det
(
∂2L/∂Kij∂Kkl
) 6= 0, we obtain the primary constraints πi ≈ 0, and then they lead to the
momentum constraints Hi ≈ 0, with no further constraints. All these six constraints are first class and they reduce
the phase-space dimension to yield
1
2
(18− 6× 2) = 3 DOFs. (52)
This is consistent with the analysis without unitary gauge fixing. On the contrary, if L is degenerate, one obtains
additional constraints on πij . This is different from the case considered in the Hamiltonian analysis in §III A, as the
degeneracy of L in Eq. (51) implies that LM in Eq. (25) is also degenerate. Thus, we see that the two analyses (with
or without unitary gauge fixing) give consistent results in the present context of mimetic theories.
8IV. COSMOLOGICAL PERTURBATIONS
The large generalization of mimetic gravity we have obtained has 3 DOFs and hence is free from obvious instabilities
of Ostrogradsky ghosts. This does not mean, however, that general mimetic theories are phenomenologically viable. To
see this point, let us analyze perturbations around the Friedmann-Lemaˆıtre-Robertson-Walker (FLRW) background
in the mimetic gravity models.
According to the last two remarks in §III B, we may take safely the unitary gauge to write φ = t and impose the
constraint X = −1 in the action (3), with which the calculation is simplified drastically. As a consequence of φ = t
and X = −1, any function of (φ,X) can be regarded as a function of t only. We also have N = 1 since X is written
in terms of N as X = −1/N2 in the unitary gauge. Therefore, the ADM form (13) of the first two terms in the
action (3) reduces to∫
d4x
√−g (f2R+ f3Gµν∇µ∇νφ) =
∫
dtd3x
√
γ
[(
f2 − 1
2
f˙3
)
R +
(
f2 +
1
2
f˙3
)(
K2ij −K2
)− 2f˙2K
]
, (53)
where a dot stands for differentiation with respect to t. As for the third term in Eq. (3), its ADM representation (12)
is now written in terms of scalar quantities composed of γij and Kij , i.e., it can be expressed as a function of
Kn ≡ Ki1i2Ki2i3 · · ·Kini1 (n = 1, 2, · · · , ℓ):∫
d4x
√−gF (gµν , φ,∇µφ,∇µ∇νφ) =
∫
dtd3x
√
γFˆ(t,K,K2,K3, · · · ,Kℓ), (54)
where note that K1 = K. Combining Eqs. (53) and (54), we obtain the following action for the mimetic counterpart
of the theory (3):
S =
∫
dtd3x
√
γ
[(
f2 − 1
2
f˙3
)
R+ F(t,K,K2,K3, · · · ,Kℓ)
]
, (55)
F ≡ Fˆ +
(
f2 +
1
2
f˙3
)(K2 −K2)− 2f˙2K. (56)
It is useful to define the first and second derivatives of F as
Fn ≡ ∂F
∂Kn , Fmn ≡
∂2F
∂Km∂Kn , (57)
respectively.
Now we substitute the following metric ansatz to the action (55),
N = 1, Ni = ∂iχ, γij = a
2(t)e2ζ
(
eh
)
ij
= a2e2ζ
(
δij + hij +
1
2
hikhjk + · · ·
)
, (58)
where χ and ζ are scalar perturbations and hij denotes a transverse-traceless tensor perturbation. The background
EOM is given by
P˙ + 3HP − F = 0, P ≡
ℓ∑
n=1
nHn−1Fn, (59)
where H ≡ a˙/a is the Hubble parameter and Fn are evaluated at the background, Kn = 3Hn. This equation will be
used to simplify the expressions of the quadratic actions for the tensor and scalar perturbations.
The quadratic action for the tensor perturbation hij is given by
S
(2)
T =
∫
dtd3x
a3
4
[
Bh˙2ij − E
(∂khij)
2
a2
]
, (60)
where
B ≡
ℓ∑
n=2
n(n− 1)
2
Hn−2Fn, E = f2 − 1
2
f˙3. (61)
9The tensor perturbations are stable provided that B > 0 and E > 0.
The quadratic action for the scalar perturbations ζ and χ is
S
(2)
S =
∫
dtd3xa3
[
3
2
(3A+ 2B)ζ˙2 + 2E (∂kζ)
2
a2
+
1
2
(A+ 2B)
(
∂2χ
a2
)2
− (3A+ 2B)ζ˙ ∂
2χ
a2
]
, (62)
where we have used the background EOM (59) and defined
A ≡
ℓ∑
m=1
ℓ∑
n=1
mnHm+n−2Fmn. (63)
The EOM for χ can be solved to give
∂2χ
a2
=
3A+ 2B
A+ 2B ζ˙ , (64)
where we have assumed that A+ 2B 6= 0. Substituting Eq. (64) to the action (62), we obtain
S
(2)
S = 2
∫
dtd3xa3
[B(3A+ 2B)
A+ 2B ζ˙
2 + E (∂kζ)
2
a2
]
. (65)
Written in this form, one notices that the stability condition for the tensor perturbations, E > 0, is not compatible
with the stability for the scalar perturbation, E < 0. This indicates that either of the tensor or scalar perturbations
exhibits gradient instabilities, even if one circumvents ghosts by choosing the coefficients in front of the time derivative
terms in Eqs. (60) and (65) to be positive. This result generalizes what was found in Refs. [32, 33, 37], and we have
thus established that all the mimetic gravity models with 3 DOFs obtained so far are plagued with ghost/gradient
instabilities on a cosmological background (except for the special case of strongly-coupled scalar perturbations men-
tioned below). To circumvent this problem from the perspective of effective field theory, one must design the models
so that the time scale of the instability is longer than the cosmological time scale. It is worth noting that the operators
of the form ∼ RK introduced in Refs. [37, 43] to resolve this problem are not fully satisfactory, because now it is clear
from the covariant analysis of the present paper that such operators give rise to unwanted extra DOFs on a general
background.
One would notice that if B(A+ 2B)(3A+ 2B) = 0 then the scalar perturbations appear to be nondynamical. This
is indeed the case in the mimetic Horndeski theories [24] where A + 2B = 0. The situation is the same even if we
start from GLPV theories. Since such a choice of A and B does not change the number of DOFs, the seemingly
nondynamical scalar mode should originate from strong coupling of perturbations.
A caveat should be added here. In the case of A + 2B = 0, it is important to take into account the presence of
matter fields other than φ to discuss the viability of mimetic cosmology. Let us add to the seed Lagrangian another
scalar field ψ whose Lagrangian is of the form
Lψ = P (ψ, Y ), Y ≡ −1
2
gµν∂µψ∂νψ. (66)
This field can also be regarded as a perfect fluid. We split ψ into the background part ψ(t) and the perturbation δψ,
and then expand the mimetic action to second order in perturbations. In the case of A+ 2B = 0 we obtain
S
(2)
S =
∫
dtd3xa3
[
−6Bζ˙2 + 2E (∂kζ)
2
a2
+ 4Bζ˙ ∂
2χ
a2
+
1
2
(PY + 2Y PY Y ) ˙δψ
2 − 1
2
PY (∂kδψ)
2 + ψ˙PY δψ
∂2χ
a2
+ · · ·
]
, (67)
where the ellipses represent the terms that are not relevant to the present argument. Now the EOM for χ is given by
4Bζ˙ + ψ˙PY δψ = 0. (68)
Substituting this back into Eq. (67), one can remove δψ as well as χ from the action. The reduced action for ζ
contains the term
4a3B2
(
PY + 2Y PY Y
Y P 2Y
)
ζ¨2, (69)
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showing that the system has two scalar DOFs (one from φ and one from the additional matter field). This is the
reason why the scalar perturbations revive and become dynamical in mimetic Horndeski gravity in the presence of
matter [44]. It is more important to note that one of the two scalar DOFs is a ghost, as is clear from Eq. (69).
A detailed comparison of this result with the recent work [44] is not straightforward and is beyond the scope of
the present paper, because the authors of Ref. [44] investigate the EOMs and the solution in the Newtonian gauge
assuming adiabatic initial conditions, while we focus on the action in the uniform φ gauge.
V. CONCLUSIONS
Given that one can go beyond the Horndeski theory, i.e., the most general scalar-tensor theory with second-
order Euler-Lagrange equations, by relaxing the assumptions to allow for higher-order Euler-Lagrange equations with
degenerate kinetic matrix, it is intriguing to explore general healthy scalar-tensor theories with 3 DOFs. As such
“beyond Horndeski” theories, the broadest class known so far is the quadratic/cubic DHOST, which cannot be further
extended by disformal transformation. In the present paper, we have demonstrated that the seed action (3), which
is nondegenerate in general, can be transformed to give a degenerate theory through the noninvertible conformal
transformation (4). The unwanted extra DOF is eliminated by the local conformal symmetry associated with the
noninvertibility of the transformation, leaving only 3 DOFs, as implied in Ref. [31]. We have shown this explicitly by
means of Hamiltonian analysis. The resultant degenerate scalar-tensor theories obtained thus are novel in the sense
that they are related to none of the known healthy theories via disformal transformation, and can be thought of as an
extension of mimetic gravity since the original mimetic theory is generated from the Einstein-Hilbert action through
the same noninvertible conformal transformation. It should be emphasized that not all nondegenerate scalar-tensor
theories can be transformed to mimetic gravity with 3 DOFs. Rather, we have specified the possible form of the seed
action as Eq. (3). As far as we have investigated, any deviation from this seed leads to unwanted extra DOFs after
the noninvertible transformation.
We have also studied cosmological perturbations in our extended mimetic gravity, and found that either of tensor or
scalar perturbations is plagued with gradient instabilities in general, except for the special case where the scalar per-
turbations would be strongly coupled, or otherwise ghost instabilities appear. In the strongly-coupled case, inclusion
of matter fields other than the scalar field renders the scalar perturbations dynamical and unstable.
In spite of this flaw, the idea of constructing degenerate field theories from nondegenerate higher derivative theories
by performing a noninvertible transformation is interesting itself and worth pursuing. In the same way as the present
case of mimetic theories, a noninvertible transformation generically introduces a symmetry in a given theory, which
could eliminate unwanted DOFs that the theory originally has. This approach may give us some clue to go beyond
known healthy theories of gravity.
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Appendix A: Noninvertible disformal transformations
Here, we show that any noninvertible disformal transformation can essentially be reduced to the simplest form of
Eq. (4). Let us consider a disformal transformation
g˜µν = A(φ,X)gµν +B(φ,X)∂µφ∂νφ, (A1)
with B 6= 0. This transformation is invertible [namely, Eq. (A1) is uniquely solvable for gµν ] if the functions A and
B satisfy A(A−XAX −X2BX) 6= 0 [18, 19, 21, 45], while it is noninvertible if
A−XAX −X2BX = 0, A(A +XB) 6= 0, (A2)
where the latter condition guarantees the existence of the inverse matrix g˜µν [18]. We are interested in the noninvertible
disformal transformations. Equation (A2) is equivalent to
B = −A
X
− f(φ), (A3)
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with f(φ) being some nonzero function of φ. As in Eq. (20), the scalar kinetic term in the new frame, X˜, is constrained
as X˜ = −1/f . Note that A is proportional to X if there is no disformal part B, i.e., in the case of noninvertible
conformal transformation.
Now let us consider another disformal transformation
gµν = A¯(φ, X¯)g¯µν + B¯(φ, X¯)∂µφ∂νφ. (A4)
Suppose that a theory S˜[g˜µν , φ] is mapped to another theory of the form S[gµν , φ] by the noninvertible disformal
transformation (A1), and then to S¯[g¯µν , φ] by the transformation (A4). We choose the functions A¯ and B¯ in Eq. (A4)
so that the composition of the transformations (A1) and (A4) reduces to a noninvertible conformal transformation.
In doing so we require that the transformation (A4) is invertible. The following choice of A¯ and B¯ satisfies these
requirements:
A¯(φ, X¯) ≡ Q¯− X¯B¯(φ, X¯), B¯(φ, X¯) ≡ −B(φ, X¯/Q¯)
A(φ, X¯/Q¯)
. (A5)
To ensure the invertibility of the transformation (A4), Q¯ must not be of the form Q¯ = q(φ)X¯ [with arbitrary q(φ)],
but otherwise it is an arbitrary function of (φ, X¯). For the choice (A5), the relation between g˜µν and g¯µν is found to
be
g˜µν = −f(φ)X¯g¯µν . (A6)
We see that the disformal part has been eliminated. It should be noted that Eq. (A6) is independent of the function Q¯.
Once written in this form, the function f(φ) can be absorbed into the redefinition of the scalar field in the following
way: Introducing a new scalar field φˆ so that dφˆ/dφ = f(φ)1/2, Eq. (A6) is rewritten as
g˜µν = −
(
g¯αβ∂αφˆ∂βφˆ
)
g¯µν , (A7)
which has the same form as Eq. (4). Thus, instead of S[gµν , φ] which is obtained from S˜[g˜µν , φ] by the noninvertible
disformal transformation (A1), we may consider S¯[g¯µν , φ(φˆ)] obtained by the noninvertible conformal transforma-
tion (A7).
Appendix B: Noether identities
In this appendix, we summarize the Noether identities with respect to the spatial diffeomorphism and the conformal
symmetry of the action SM[N, γij , φ, A∗, Bij ] given in Eq. (27). These identities are used to derive some of the equations
in the main text. Note that Bij replaces Vij and therefore transforms in the same way as Vij .
1. Spatial diffeomorphism
Under an infinitesimal spatial diffeomorphism xi → xi + ǫi(xj), N , γij , φ, A∗, and Bij transform as
∆ǫN = −ǫiDiN, ∆ǫγij = −2D(iǫj), ∆ǫφ = −ǫiDiφ, (B1)
∆ǫA∗ = −ǫiDiA∗, ∆ǫBij = −ǫkDkBij − 2Bk(iDj)ǫk, (B2)
respectively. Since SM is invariant under this transformation, we have
0 = ∆ǫSM = −
∫
dtd3x
[
δSM
δN
ǫiDiN + 2
δSM
δγij
Diǫj +
δSM
δφ
ǫiDiφ+
δSM
δA∗
ǫiDiA∗ +
δSM
δBij
(
ǫkDkBij + 2BkiDjǫ
k
)]
.
(B3)
Integrating by parts, we obtain the following relation among the variations of SM:
√
γLMDiN − 2√γγijDk
(
1√
γ
δSM
δγjk
)
+
δSM
δφ
Diφ+
δSM
δA∗
DiA∗ +
δSM
δBjk
DiBjk − 2√γDj
(
Bik√
γ
δSM
δBjk
)
= 0. (B4)
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2. Conformal symmetry
Similarly, under an infinitesimal conformal transformation ∆ǫgµν = ǫ(x
λ)gµν , we have the following transformation
law:
∆ǫN =
ǫ
2
N, ∆ǫγij = ǫγij , ∆ǫφ = 0, (B5)
∆ǫA∗ = − ǫ
2
A∗, ∆ǫBij =
ǫ
2
Bij − D
kφ
2A∗
γijDkǫ. (B6)
These expressions can be obtained by replacing (−X) with 1 + ǫ in Eqs. (16) and (24). In the same way as in the
case of spatial diffeomorphism, we obtain
N
√
γLM = −γij
[
2
δSM
δγij
+
√
γDk
(
Dkφ√
γA∗
δSM
δBij
)]
+A∗
δSM
δA∗
−Bij δSM
δBij
. (B7)
Appendix C: Horndeski’s conformally invariant scalar-tensor theory
In Ref. [38], Horndeski specified all the conformally invariant scalar-tensor theories that are flat space compatible,
i.e., such that one can take the limit gµν → ηµν and φ → constant. These theories are described by the following
action:
SCI =
∫
d4x
√−g (L2C + L3C + L4C + LUC) , (C1)
where
L2C ≡ κ2(φ)X2,
L3C ≡ 1
2
κ3(φ)ε
µνλσWαβµνWαβλσ,
L4C ≡ κ4(φ)WµνλσWµνλσ,
LUC ≡ κU(φ)
[
2XR− 3(φ)2 − 6(∇µ∇νφ)2 − 12(∇µφ)(∇µφ)
]
,
(C2)
with Wµνλσ being the 4-dimensional Weyl tensor defined as Wµνλσ ≡ Rµνλσ − 2δ[µ[λRν]σ] + 13δµ[λδνσ]R. Note that L3C
can be expressed equivalently as L3C =
1
2κ3(φ)ε
µνλσRαβµνRαβλσ [46], which is nothing but the Chern-Simons term
coupled with a scalar field [47]. One can easily check that the above action is invariant under the conformal rescaling
of the metric only: gµν → Ω2gµν , φ→ φ.*5
Among the four terms in the action SCI, L2C and LUC are obtained by the noninvertible conformal transformation (4)
of the following theory:
S =
∫
d4x
√
−g˜
{
κ2(φ) + κU(φ)
[
2R˜ − 3 (˜φ)2 + 6(∇˜µ∇˜νφ)2
]}
, (C3)
which is a particular case of the general action (3). If one starts from a more general scalar-tensor theory (3) and
performs the transformation (4), the resultant action still has the same conformal symmetry, but does not necessarily
fall into the above class. This is due to the assumption in Ref. [38] that the theory is flat space compatible, which
plays a crucial role in narrowing down the candidate Lagrangians to a finite number as presented in Eq. (C2).
As was the case with theories obtained via the transformation (4), the theory (C1) generically suffers from instability
in cosmological perturbations. The theory described by L2C and LUC amounts to the choice
f2 = 2κU(t), f3 = 0, F = κU(t)(8K2 − 5K2)− 4κ˙U(t)K + κ2(t) (C4)
in Eq. (55), for which we have A = −10κU and B = 8κU. Therefore, the same ghost/gradient instabilities as in §IV
arise. As for the other terms L3C and L4C, the action contains higher-order derivatives of the metric, which results
in Ostrogradsky ghosts.
*5 Hence, the “conformally invariant scalar-tensor theory” is different from the theory with a “conformally coupled scalar field” where the
action is invariant under the simultaneous transformation of the metric and the scalar field: gµν → Ω2gµν , φ → Ω−1φ.
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Appendix D: Mimetic quadratic/cubic scalar-tensor theories
In this appendix, we study the particular case where the function F in the action (3) contains up to cubic terms of
∇µ∇νφ, and consider to perform the noninvertible conformal transformation (4). Up to cubic order, the most general
function F is given by [10]
F (gµν , φ, φµ, φµν) = F0 + F1φ+
5∑
i=1
aiL
(2)
i +
10∑
j=1
bjL
(3)
j , (D1)
where F0, F1, ai, and bj are arbitrary functions of (φ,X), and we denote φµ ≡ ∇µφ and φµν ≡ ∇µ∇νφ. The building
blocks L
(2)
i and L
(3)
j are defined as
L
(2)
1 = φ
ν
µφ
µ
ν , L
(2)
2 = (φ)
2 , L
(2)
3 = (φ)φ
µφνµφν , L
(2)
4 = φ
µφνµφ
λ
νφλ, L
(2)
5 =
(
φµφνµφν
)2
, (D2)
and
L
(3)
1 = (φ)
3 , L
(3)
2 = (φ)φ
ν
µφ
µ
ν , L
(3)
3 = φ
ν
µφ
λ
νφ
µ
λ, L
(3)
4 = (φ)
2 φµφνµφν ,
L
(3)
5 = (φ)φ
µφνµφ
λ
νφλ, L
(3)
6 =
(
φνµφ
µ
ν
) (
φµφνµφν
)
, L
(3)
7 = φ
µφνµφ
λ
νφ
σ
λφσ,
L
(3)
8 =
(
φµφνµφ
λ
νφλ
)
(φσφρσφρ) , L
(3)
9 = (φ)
(
φµφνµφν
)2
, L
(3)
10 =
(
φµφνµφν
)3
.
(D3)
If the coefficients ai and bj , as well as f2 and f3 in the original action (3) are chosen appropriately, the theory reduces
to quadratic/cubic DHOST [8–10].
Now we perform the transformation (4). It should be noted that the old-frame coefficients, which are originally
functions of (φ, X˜), are now interpreted as functions only of φ because X˜ = −1 [see Eq. (20)]. Moreover, with the aid
of this constraint on X˜, the term with the Einstein tensor in the action (3) can be integrated by parts to give∫
d4x
√
−g˜f˜3G˜µν∇˜µ∇˜νφ =
∫
d4x
√
−g˜
{
−f˜3φ
[
1
2
R˜+ (˜φ)2 − (∇˜µ∇˜νφ)2
]
+ f˜3φφφ
}
, (D4)
from which we see that the contribution of the f˜3 term can be absorbed into f˜2, a˜1, a˜2, and F˜0. Thus, we set f˜3 = 0
from the beginning without loss of generality. The new-frame action also belongs to the same class of theories as the
original one, and the functions f2, ai, bj are written in terms the old-frame functions f˜2, a˜i, b˜j as follows:
f2 = −Xf˜2, (D5)
a1 = a˜1, a2 = a˜2, a3 =
2
X
(a˜1 + 2a˜2) , a4 = − 2
X
(
a˜1 + 3f˜2
)
, a5 =
2
X2
(a˜1 + 2a˜2) , (D6)
b1 = − 1
X
b˜1, b2 = − 1
X
b˜2, b3 = − 1
X
b˜3, b4 = − 2
X2
(
3b˜1 + b˜2
)
, b5 =
2
X2
b˜2, b6 = − 1
X2
(
2b˜2 + 3b˜3
)
,
b7 =
3
X2
b˜3, b8 =
1
X3
(
4b˜2 + 3b˜3
)
, b9 = − 3
X3
(
4b˜1 + 2b˜2 + b˜3
)
, b10 = − 2
X4
(
4b˜1 + 2b˜2 + b˜3
)
,
(D7)
while the functions F0 and F1 are not important. Note that there is no contribution of a˜3, a˜4, a˜5, and b˜4, · · · , b˜10
because the corresponding building blocks contain ∇˜µφ∇˜µ∇˜νφ, which is mapped to zero by the transformation (4).
Since the resultant mimetic theory has at most three DOFs (see §III A), it must be a DHOST theory. Indeed, one
can show that this theory is represented as a combination of 2N-III and 3M-I theories in the terminology of Ref. [10],
and hence is degenerate.
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